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Experiments are presented that show details of spontaneous formation of the crossing wave pattem in the 
thin layer Belousov-Zhabotinsky reaction-diffusion system, together with a model that qualitatively reproduces 
the phenomenon. The model shows that small variations of the layer thickness can result in variations of the 
excitability profile. The crossing wave pattern emerges when an initial periodic bottom wave train excites 
the top part of the layer along a line where a small sharp increase in the thickness of the layer takes place. 

Introduction 

When chemical waves propagate in thin layers of gel saturated 
with Belousov-Zhabotinsky (BZ) solution,',2 a complex wave 
pattem can emerge that consists of two sets of waves, one 
propagating along the top and another along the bottom of the 
layer.3 Under certain conditions the waves in the upper part of 
the layer propagate transverse to the waves in the bottom part 
of the layer, giving rise to a crossing wave pattem (CW).  

It has been shown that a nonmonotonic profile of excitability 
can emerge in thin layers of gel saturated with Belousov- 
Zhabotinsky (BZ) solution and exposed to an oxygen-containing 
atmosphere: As a result, two excitable sublayers at the top 
and bottom of the layer are separated by a poorly excitable 
sublayer in between. In such a system chemical waves can 
propagate almost independently in the top and bottom sublayers, 
forming the CWP.4 

Here we present a series of experimental snapshots showing 
in detail the process of spontaneous formation of a C W .  We 
propose a mechanism for the process and a corresponding model 
that qualitatively reproduces the phenomenon. 

Experimental Section 

Sodium bromate, malonic acid (Aldrich), ferrous sulfate 
(Fisher), and 1 ,lo-o-phenanthroline (Ruka) were of analytical 
grade. 

Silica gel was prepared according to the procedure of 
Yamaguchi and Miillere5 Gel layers were made in standard glass 
petri dishes (about 90 mm in diameter). The layer thickness in 
the central part of a dish was from 0.5 to 1 mm in different 
experiments. 

Initially, a gel layer was covered with a 1 cm thick layer of 
the BZ working solution for 15-20 min. The solution was 
stirred gently. Then the solution was removed, and the gel layer 
was put in contact with air. Wave propagation was recorded 
with a video camera augmented with an interference filter with 
maximum transmission at 510 nm. The data were processed 
with an OPTIMAS image-analysis system (BioScan). 

The following initial reagent concentrations (in M) were 
used: fNaB1-031 = 0.3; [CH2(COOH)2] = 0.03; [Fe(~hen)3~+] 
= 0.002; [H2S04] = 0.1. All experiments were carried out at 
T = 25 & 1 "C. 
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Results and Discussion 

Formation of Crossing Waves. The excitability of the top 
part of the gel layer is initially suppressed when the layer is 
exposed to air. As a result waves propagate only along the 
bottom of the layer.3 Then, due to escape of Br2, the excitability 
of the top part of the layer is gradually restored?, and waves 
may propagate there as well. 

The CWP usually emerges 10-15 min after a layer is put in 
contact with air. Figure 1 shows the development of a C W .  
Figure l a  shows a wave train propagating in the bottom layer. 
In the upper part of the picture a series of bright spots adjacent 
to the wave fronts appear along a line transverse to them. The 
spots herald the local penetration of the wave front into the top 
part of the layer. As we show later, this phenomenon may be 
attributed to the variation of the layer thickness. Figure lb  
shows how spiral waves start to develop from the spots. In 
Figure IC these pieces of spiral waves fuse to form the 
continuous wave front transverse to the bottom wave train. 
Figure Id shows flattening of the front. 

A Mechanism for CWP Formation. Experiments with 
stepwise layers4 show that a wave front that occupies the full 
thickness of the thinner part of the layer can split, on passage 
into the thicker part of the layer, into top and bottom waves 
with different speeds. This result suggests that two excitable 
sublayers can be effectively separated in the thicker part of the 
layer, while in the thinner part the wave propagation is almost 
uniform throughout. 

These data suggest a possible mechanism for spontaneous 
CWP formation in layers with small variations of the thickness. 
Let an initial bottom wave train propagate transverse to a 
sufficiently long, smooth line along which a small jump occurs 
in the layer thickness. Then wave fronts from the thinner part 
will penetrate into the top sublayer of the thicker part along 
this line, simultaneously starting to form spiral waves. Then 
the spirals fuse, forming a curved wave front parallel to the 
jump line. Finally, this transverse wave front flattens due to 
the curvature effect9 

Spontaneous formation of a CWP has been observed in silica 
gel  layer^.^,^ Silica gel layers are usually prepared by poly- 
merization of open liquid layers. Small variations of the layer 
thickness often occur under such conditions. We have never 
observed spontaneous formation of a CWP in polyacrylamide 
gel layers prepared between two glass plates so as to prevent 
variations in layer thickness. 

Model. In ref 4 wave propagation and interaction in a 
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Excitability Profile for a Layer with Variable Thickness. 
To simulate the generation of crossing waves in a layer with 
variable thickness, we need an auxiliary model that describes 
the dependence of the excitability profile on the layer thickness. 
We have suggested a scheme that takes into account oxygen 
diffusion into the reagent layer as well as formation of a gradient 
of bromomalonic acid (BrMA) concentration owing to bromine 
escape from the surface? These two processes were shown to 
result in a nonmonotonic profile of excitability. We assumed, 
however, the concentration of BrMA simply follows the 
concentration of Br2, while in reality it obeys its own reaction- 
diffusion equation with zero flux boundary conditions at the 
top and bottom surfaces of the layer. Here we suggest an 
improved scheme that allows for these features. 

We employ here a simplified scheme of consumption and 
production of BrMA in the BZ reaction: 

-,-, 
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Figure 1. Emergence and development df a crossing wave in the BZ 
reaction-diffusion system. The average thickness of the silica gel layer 
is 0.5 mm. Initial reagent mcentration (M): NaBxQ, 0.3; CH2(COo€&, 
0.03; Fe(phen)32+, 0.002; H2S04, 0.1. T = 25 "C. 

stratified BZ reaction-diffusion system were successfully 
simulated using an Oregonator7-type model with a nonmono- 
tonic vertical profile of the stoichiometric factor q that relates 
the inhibitor (Br-) production to the catalyst reduction. The 
higher the value of q, the lower the system excitability. 

Here we wish to model the generation of crossing chemical 
waves in a three-dimensional system, so we need a relatively 
simple model to perform the simulations within a reasonable 
time. We employ here Tyson's version* of the Oregonator, 
which is a good qualitative model of the BZ reaction: 

- d x 1  = -[x(l - x)  - q z X 3 ] +  Ax 
dz E X + P  

where x is the concentration of the autocatalyst (HBrO2), z is 
the concentration of the oxidized form of the catalyst (Fe- 
(phen)$+), e and p depend on the rate constants and the 
concentrations of the initial reagents, A is the Laplacian operator, 
and d = DJDX where D, and D, are the corresponding diffusion 
coefficients. The dimensionless time unit in model (1) corre- 
sponds to approximately 60 s for the experimental conditions 
used to study crossing  wave^.^^^ The dimensionless length unit 
is equivalent to about 3.5 x cm. 

Br2 + CH,(COOH), - CHBr(COOH), + H+ + Br- (Rl) 

Fe(phen):+ + CHBr(COOH), - 
Fe(phen)y + CBr(CO0H); + H+ (R2) 

2CBr(COOH); - C2Br2(COOH), ( E a )  

C2Br2(COOH), - 2H+ + 2Br- + products (R2b) 

The rate of BrMA consumption is assumed to be proportional 
to the BrMA concentration, neglecting oscillations in the femin 
concentration. Reaction R1 runs via the relatively slow keto- 
enol tautomerization of malonic acid and the subsequent fast 
bromination of the enol form. According to ref 10, the 
characteristic concentration of bromine, above which the rate 
depends nonlinearly on [Brz], is 1 x M. Our estimates 
show that [Brz] is always significantly less than 1 x M, 
so that the overall rate of bromination is proportional to [Br2]. 

With these assumptions, the reaction-diffusion equations 
governing the stationary vertical concentration profile of BrMA, 
are as follows: 

a2cz - + k,Bc, - 4 Z C 2  = 0 
O2 ax2 

where 

c1 = [Br21, c2 = [BrMA], c3 = [O,], B = [MA], 
z = [Fe(phen):+] 

and tr is the rate of production of bromine. The boundary 
conditions are 

where co is the concentration of dissolved oxygen in equilibrium 
with the gas phase. The concentration profiles of Br2, BrMA, 
and 0 2  are 
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cosh[a(d - x)]  
cosh(oul) 

c1 = COl( 1 - 

+ @ tanh(oul) cosh@(d - x) )  c2=co2 1 - ( a2 - p2 tanhwd) cosh@d) 
p2 cosh(a(d - x) )  

a2 - p2 cosh(oul) 

where 

n 

According to the generally accepted mechanism for the BZ 
reaction, most of the bromide production results either from 
direct oxidation of BrMA by the oxidized form of the catalyst 
(ferriin in our case) or from decomposition of BrMA induced 
by the oxidation of malonic acid by ferriin.lOqll Thus, it is 
reasonable that the rate of Br- production should be proportional 
to [BrMA]. Oxygen strongly ,enhances Br- production.' 
Various simple models of the oxygen effect lead to a linear 
dependence of the bromide production rate on [02]. Thus, the 
simplest dependence of q on [BrMA] and [02] that is qualita- 
tively consistent with the available experimental data is 

Figure 2 shows the q profiles calculated from eqs 3 and 4 for 
layer thicknesses of 3.0 and 3.9. We see clearly that the thinner 
layer has a lower maximum of q. 

Thus, this simple model confirms that while in the thicker 
part of the layer the top and bottom excitable sublayers can be 
efficiently separated by a high inhibiting barrier, in the thinner 
part of the layer the barrier is significantly lower, permitting 
chemical waves to propagate almost uniformly through the entire 
thickness of the layer. 

Simulation of Wave Propagation in a Layer with Variable 
Thickness. The medium is a thin rectangular block 21.0 x 
66.0 in width and length. The layer thickness is 3.0 in a narrow 
strip (21.0 x 4.5) near the left edge and 3.9 in the rest of the 
system. We choose zero flux boundary conditions at the top 
and bottom faces and at the smaller side faces of the block, 
while periodic boundary conditions are used at the larger side 
faces, which is convenient for simulating periodic wave train 
propagation in this direction. 

We employ a three-dimensional grid with 70 by 220 grid 
points in width and length. In the vertical direction the grid 
has 10 grid points in the thinner part and 13 grid points in the 
thicker one. 

For simplicity, we choose in our simulations a triangular q 
profile along the vertical coordinate, which approximates the 
profile calculated in the previous section. The q profile has q 
= 2.6 at the top and bottom in both parts with maximum at q 
= 4.5 for the thin and at q = 6.0 for the thicker part. The 
positions of the maxima are set 5 grid points below the top 
surface. 

The initial conditions for the bottom excitable sublayers are 
taken as uniform periodic plane waves. The x and z wave 
profiles are obtained from preliminary simulations of wave 
propagation in the corresponding one-dimensional periodic 
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Figure 2. Profiles of the stoichiometric factor q calculated according 
to eqs 3 and 4 with a = 0.22, B = 5.92, y = 1.0, K = 2.5, and = 
45.0. 
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Figure 3. Development of the crossing wave pattern in model (1) with 
E = 0.02, ,LA = 0.002, d = 1.0, in a layer with a small jump in the layer 
thickness. For details of the q profiles see text. 

system. The initial conditions for the middle, unexcitable 
sublayer, and the top excitable sublayer are the steady-state 
values of the variables. 

For our simulations, we used an explicit finite-difference 
scheme to approximate the differential operators in eq 1. The 
space step was h = 0.3, and time step was z = 0.005. 
Decreasing z by a factor of 2 and h by a factor of 21n does not 
change the patterns qualitatively. Simulations were performed 
on an IBM RISC 6000 workstation Model 340. 

Figure 3 shows generation of a CWP in the simulation. In 
Figure 3a one can see the brighter parts of wave fronts to the 
left of the jump in the layer thickness. This heralds penetration 
of the wave fronts into the top part of the thinner region which 
is adjacent to the left boundary. In the top sublayer these wave 
fronts have open flanks, which start to form spirals to the right 
of the jump (Figure 3a,b). Then the spiral parts of the wave 
fronts fuse, forming a continuous wave front transverse to the 
bottom wave train (Figure 3c). The front becomes smoother 
as it propagates to the right (Figure 3d). When the refractory 
region, which follows the top transversal front, moves away 
from the line of the thickness jump, a new set of spirals appears 
(Figure 3d) which eventually gives rise to a second transversal 
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top wave front. The process repeats, and in a larger system 
gives rise to a wave train transverse to the bottom one. This 
behavior demonstrates a close qualitative correspondence to that 
in the experiment shown in Figure 1. 

Thus, in thin-layer reaction-diffusion systems, vertical con- 
centration gradients together with variation of the layer thickness 
can result in spontaneous formation of crossing wave patterns. 
The condition found here for such formation is that the initial 
bottom wave train must propagate transverse to a line along 
which a small jump occurs in the layer thickness. 
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